This study quantitatively explores the linear standard capital asset pricing model (CAPM) and a non-linear CAPM by using ten US representative firms' monthly stock returns. By the maximum likelihood estimation, we derive the following useful findings. (1) First, when the stock return distribution is fat-tailed, our non-linear CAPM application is highly effective. Because our non-linear CAPM parameters very well capture the behavior of fat-tailed returns, the non-linear CAPM estimation derives more reliable beta value estimates than the standard linear CAPM. (2) Second, conducting the Wald tests based on both the standard linear CAPM and non-linear CAPM estimators, we clarify that when the stock return distribution is fat-tailed, the Wald test result based on the non-linear CAPM estimators is more reliable than that based on the standard linear CAPM estimators.
Introduction
Asset pricing is a significant research field since it helps investors to understand not only pricing mechanisms of financial assets but also their investments' risk and return relationship. In order to enable investors to make more effective and reasonable investment decisions, a robust asset pricing model is therefore needed. The capital asset pricing model (CAPM) is one of the most famous asset pricing models (Sharpe, 1964; Lintner, 1965; Mossin, 1966) ; and this model has been heavily used as a standard model for examining stock returns. In many academic studies and practical applications of this model, the standard linear regression approach has been normally employed. In fact, however, stock returns in the real world often have fatter-tailed distributions rather than normal distributions; therefore, more careful applications of the CAPM by incorporating fat-tailed return distributions are required. Based on this argument, this study empirically explores a non-linear CAPM by using monthly stock returns of ten US representative firms.
Our maximum likelihood (ML) estimations in this paper derive the following useful findings. (1) First, when the stock return distribution is fat-tailed, our non-linear CAPM application is highly successful. Because our non-linear CAPM parameters rather effectively capture the behavior of fat-tailed return distributions, the non-linear CAPM estimation derives more reliable beta value estimates than the standard linear CAPM. In our present study, this effectiveness is particularly seen in the cases of the stock returns of Bank of America and Amazon.com. (2) Second, conducting the Wald tests based on the standard linear CAPM and non-linear CAPM estimators, we clarify that when the stock return distribution is fat-tailed, the Wald test result based on the non-linear CAPM estimators is more reliable than that based on the standard linear CAPM estimators. This is seen particularly in the case of the stock return of Bank of America in this study. Furthermore, we consider that when the stock return is normally distributed, our non-linear CAPM estimator-based Wald test is also reliable since the model's degrees of freedom (DOF) parameter can be adjusted for the normal distribution by taking larger DOF values. The above interesting findings for academics and practice are the contributions of this research.
cross-sectional tests of the CAPM are problematic, a study by Guermat (2014) presented that the CAPM was indeed testable by the two-step procedure suggested by this study. However, the objective and methodology of this paper are different from our current study. An interesting study by Barberis et al. (2015) developed a model, where some investors form beliefs as to future stock price changes, while other investors keep fully rational beliefs.
Using Korean stock market data, Hur and Chung (2017) derived the CAPM betas under the incomplete market setting, and they compared these betas with the traditional CAPM betas. Agnello (2016) examined whether the US paintings follow the CAPM, and by the cross sectional tests, this study suggested that little support was obtained for the CAPM, although this study found the evidence that high priced US paintings somewhat supported the CAPM pricing.
Further, Tsuji (2012a) quantitatively examined the alphas of the Japanese equity portfolios while comparing similar US stock portfolios; and he found positive alphas from some Japanese portfolios. Using the US data, Tsuji (2012b) quantitatively investigated the relations of the industry portfolio returns and Fama and French's (1993) three factor returns; however, the study did not employ non-linear estimations of asset pricing models. In addition, there are such related interesting studies as Tiku et al. (1999) and Bai et al. (2010 Bai et al. ( , 2011 ; however, based on this recent literature review, we consider that a non-linear CAPM estimation conducted as in our present study is rare and much precious.
Data and Variables
In this section, we describe the data for our research. In Table 1 , the descriptive statistics for the excess percentage returns of the overall US stock market and the above ten US firms. It is noted that the normality of 11 excess returns is all rejected by the Jarque-Bera tests. This means that during our analyzing period, all excess returns follow fat-tailed distributions. In particular, Bank of America and Amazon.com are rejected their normality by very large Jarque-Bera statistic values. Hence, it is interesting to note the estimation results as to linear and non-linear CAPMs with a particular focus on the cases of Bank of America and Amazon.com. Further, Figure 1 shows the scatter plots of the ten pairs of the US excess stock market returns and excess stock returns of the ten US firms.
Models and Estimation Methods

OLS Estimation of the Standard Linear CAPM
First, we estimate the following standard linear CAPM by applying the method of ordinary least squares (OLS).
In the above model (1), R it −R Ft indicates one of the excess percentage returns of the ten US firms documented above. In addition, R Mt −R Ft means the excess percentage return of the US equity market and β i denotes the CAPM beta value for stock i. In this model, the residual τ it is assumed to follow a normal distribution with the standard deviation, σ i .
ML Estimation of a Non-linear CAPM
Next, we estimate the following non-linear CAPM (2) by the maximum likelihood (ML) method.
In model (2), ε it is the disturbance term of a Student's t distribution; and ω i is the parameter of degrees of freedom (DOF) for the distribution. Maximizing the following log likelihood function, we estimate this non-linear CAPM (2).
In the above log likelihood function (3), Γ(·) denotes the gamma function.
The Wald Test
We further conduct the Wald test, and the null hypothesis is β i = 1, while the alternative hypothesis is β i ≠ 1. In this test, if β i = 1, the stock return of the firm i behaves in a similar manner as the return of the overall US stock market.
Empirical Results
Results of the Standard and Non-linear CAPMs
As we already noted, it is highly important to pay attention to the differences of the estimation results for the linear and non-linear CAPMs by carefully focusing on the cases of Bank of America and Amazon.com. It is also interesting to pay attention to the results of the Wald tests by focusing on the cases of Bank of America and Amazon. First, in Focusing on the results of Bank of America and Amazon.com, the estimated linear CAPM beta value for Bank of America is 1.4114, while the estimated non-linear CAPM beta value for the firm is 1.1380. We note that these are clearly different in two models. Next, the estimated linear CAPM beta value for Amazon is 1.8980, while the estimated non-linear CAPM beta value for the firm is 1.5268. We again note that these values are also clearly different in two models. We consider that these differences are because of the fat-tailed distributions of these two firms' excess stock returns. As we stated, our non-linear CAPMs are all well estimated, therefore, we consider that the values of ML betas are more reliable for Bank of America and Amazon.com. In fact, Table 2 also exhibits that the estimated DOF parameter for Amazon is the smallest value of 2.3566, and the estimated DOF parameter for Bank of America is the second smallest value of 2.8276. We consider that these smaller parameter values very well capture the fat-tailed distributions of these two firms' stock returns via the ML estimations.
Results of the Wald Tests
Finally, we also explain the results of our Wald tests by again focusing on the cases of Bank of America and Amazon.com. First, Table 3 displays that the OLS estimator-based Wald test indicates that the return of Bank of America does not behave in a similar manner as the overall US stock market, while our ML estimator-based Wald test means the opposite result. It is noted that because Bank of America's stock return has a fatter-tailed distribution, for Bank of America, the result of the Wald test based on the ML estimators should be more reliable. Therefore, it is judged that Bank of America's stock return behaves as the overall US stock market for our analyzing sample period.
Next, as for Amazon, the two Wald test results based on the OLS and ML estimators are the same. As Table 3 shows, our two Wald tests both suggest that the stock return of Amazon does not behave in a similar manner as the overall US stock market. This is because for Amazon, the estimated beta values from the linear and non-linear CAPMs both take very large values of 1.8980 and 1.5268, respectively; and these values are both far from one.
As we evidenced above, for fat-tailed stock returns, the Wald tests based on the non-linear CAPM estimators shall be more reliable than the Wald tests based on the linear CAPM estimators. In the case of Amazon, judged by the reliable high beta value of 1.5268, which is from the non-linear CAPM estimators, it is naturally understood that the null-hypothesis of beta equals one is rejected for Amazon.com. Notes: In this table, ***, **, and * represent the statistical significance of the statistic at the 1%, 5%, and 10% levels, respectively. In addition, OLS denotes the ordinary least squares, ML denotes the maximum likelihood, and Wald means the Wald test statistic.
Conclusions
This study quantitatively explored the linear standard CAPM and a non-linear CAPM by using monthly stock returns of the US representative firms. Via the maximum likelihood estimation, we derived the following useful findings. (1) First, when the stock return distribution is fat-tailed, our non-linear CAPM application was highly effective. Because our non-linear CAPM parameters rather successfully captured the behavior of fat-tailed return distributions, the non-linear CAPM estimation derived more reliable beta value estimates than the standard linear CAPM. In this study, this effectiveness was suggested particularly by the cases of the stock returns of Bank of America and Amazon.com.
(2) Second, conducting the Wald tests based on the standard linear CAPM estimators and the non-linear CAPM estimators, we clarified that when the stock return distribution is fat-tailed, the Wald test result based on the non-linear CAPM estimators was more reliable than that based on the standard linear CAPM estimators. This was seen particularly in the case of Bank of America's stock return in this study. Furthermore, we also consider that even when the stock return is normally distributed, our non-linear CAPM estimator-based Wald test was also reliable since the model's degrees of freedom parameter can be adjusted for the normal distribution by taking larger values. The above interesting findings for academics and practice are the contributions of this article.
(3) Finally, we point out that the quantitative examinations demonstrated in this paper suggest the following important implications. Namely, both for fat-tailed and normally distributed stock returns, the application of our non-linear CAPM shall be highly effective. Likewise, as we stated above, it is considered that both for fat-tailed and normally distributed stock returns, the Wald test based on our non-linear CAPM estimators shall be also effective. Considering the clearness and usefulness of the research results demonstrated in this paper, extended investigations by applying similar approaches should be our future tasks.
